Abstract: A novel kind of superimposed fiber Bragg gratings (SI-FBGs) named SI-sampled FBGs (SI-SFBGs) is proposed to control the phase relationship among SI sub-gratings by modulating the sampling periods. The realization of such phase-controlled SI-SFBGs just needs a single uniform phase mask and sub-micrometer precision moving stage. The success of phase-controll is expected to encourage SI-SFBGs' applications in more sophisticated fields. As a demonstration, their applications in spectral-phase en/decoding are testified by both simulation and experiment. The spectral-phase encoded (SPE) encoders with the longest code-length that FBG-based SPE encoders can achieve, i.e., 64-frequency bins, are experimentally fabricated for the first time. The results show the advantages accompanying the SI-SFBGs-based SPE encoders compared with the traditional methods.
Introduction
Among a number of kind of fiber Bragg gratings (FBGs), the superimposed (SI) FBGs are especially appealing since multiple FBGs are inscribed at the same location in the fiber, which will bring two main unique features. The first is that all the superimposed wavelengths are time-synchronized. The second is that these FBGs are more compact since short-length structure can accommodate more FBGs containing different wavelengths. These features lend themselves to wide applications, such as optical filters [1, 2] , multiwavelength fiber lasers [3, 4] , multiplying the repetition rates of periodic pulse trains [5, 6] , frequency-amplitude en/decoding in optical code-division multiple-access (OCDMA) systems [7, 8] and so on. Conventionally, the fabrication of SI-FBGs requires changing different phase masks with different pitches or exerting a controllable strain on the fiber. However, due to the complexity of fabrication process, the precise relative phases of the SI-FBGs cannot be controlled, to the best of our knowledge. This drawback limits the applications of SI-FBGs for more sophisticated functions, since the phase control is usually needed for complex functions. For example, for spectral-amplitude OCDMA en/decoders based on SI-FBGs [7, 8] , the relative phases of different wavelengths are not essential for such an incoherent OCDMA scheme. However, such device cannot be applied to coherent frequency domain OCDMA scheme, i.e., the spectral-phase encoded (SPE) scheme. Usually it is well known that the coherent technique is superior to incoherent technique in many aspects of the performance. Therefore, for realizing more sophisticated functions, it is necessary to control the relative phases of SIFBGs.
Sampled FBG (SFBG) is another powerful grating which can be realized mainly by modulating the amplitude [9] [10] [11] [12] or the phase [13] [14] [15] [16] in the grating. The phased-only SFBG which was developed by Rothenberg et al [13] [14] [15] [16] can achieve perfect performance in highchannel-count and chromatic dispersion compensation. However, the experimental fabrication of phased-only SBFGs usually needs specially-designed phase masks that include the sampling patterns. It will not only make a significant challenge to produce various complicated phase masks, but also brings along complexities and difficulties in practical experiments has been indicated in [15, 16] . Whereas, the amplitude SFBG, which has been especially improved by the equivalent-chirp (EC) [10] , equivalent phase-shift (EPS) [11] and reconstruction-equivalent-chirp (REC) [12] technologies recently, has developed into a flexible, cost-effective and practical solution.
In this paper, we combine the SI-FBGs with the amplitude SFBGs to promote the SIFBGs' performance. Based on the EC and EPS technologies, the SI-FBGs with desired phase relationship are first proposed and studied, which can be realized only using a uniform-pitch phase mask and sub-micrometer precision moving stage. Being SFBGs essentially, such novel SI-FBGs are named SI-SFBGs in this paper. Then, the SI-SFBGs would be upgraded for potential sophisticated applications by controlling the phase. The application in SPE OCDMA is demonstrated and experimentally validated.
Principle of phase controlling

SI-SFBG
Essentially, SI-SFBG is a kind of FBG where multiple SFBGs are inscribed at the same location using the same uniform phase mask. The overall refractive index modulation is the summation of all SI gratings, which can be expressed as eff,
where N represents the number of superimpositions; 
where 
Equation (3) shows that every SFBG consists of a series of equivalent ghost gratings with the grating periods of 1 (1/ / )
Equation (4) shows that the overall 1st order ghost grating of SI-SFBG is the linear superimposition of individual 1st order ghost grating (with the grating period of In Fig. 1 , the sampling period of the first inscribed SFBG is P 1 , then the 1st-wavelength of λ 1 is generated; in the second inscription, the P 2 (P 2 <P 1 ) generates the 1st-wavlength of λ 2 (λ 2 >λ 1 ). If these 1st-wavelengths are located in the desired target region, a SI-SFBG with multiple wavelengths can be fabricated based on a single uniform phase mask, which can resolve the problems existing in the traditional fabrication of SI-FBG such as high cost, poor flexibility and so on. Furthermore, the nanometer control-precision can be avoided, since the sampling period is usually in the order of hundreds of microns.
First inscription
Second inscription
Reflectivity
Such a SI-SFBG technology is simulated. For simplicity, only 4 superimpositions are considered. The parameters are listed in Table 1 . The simulated spectrum is shown in Fig. 2(a) . The four 1st order channels are the desired target response. The group time delay in the passband shown in Fig. 2 (b) exhibits uniform synchronization, which indicates that the four channels are superimposed at the same location. Therefore, SI-SFBGs with multiple wavelengths can be designed and fabricated based on a single uniform phase mask. 
Phase control of SI-SFBG
The failure to control the phase relationship among SI sub-gratings severely degrades the performance of SI-FBGs. However, the SI-SFBGs, which can realize multiple-wavelengths in the 1st order channel, can control their phase relationship simply and precisely. According to the EPS principle, the change of sampling period will produce phase-shift in the nonzero reflective channel. We introduce the modulation, i.e., chirp f i (z), in the sampling position z, then S i (z) can be written as
Here, the 1st order ghost grating can be expressed as eff, eff,
The meaning of function φ i (z) will be explained later), the 1st order ghost grating can be written as
The comparison between Eqs. (4) and (7) shows that, the sampling-function modulation f i (z) has produced extra phase-modulation φ i (z) in the 1st order ghost grating. φ i (0) is the original phase of each SI sub-grating. Therefore, the phase relationship of SI-SFBGs can be easily controlled by modulating the sampling periods. Figure 3 reveals the principle of phasecontrol. Overall, there is little difference between Fig. 1 and Fig. 3 . The only difference is that in Fig. 3 , there exists a definite P 2 /2 excursion in the original position of second inscription. According to Eq. (7), such an excursion will produce a relative π phase-shift. Hence, the minus polarity of λ 2 denotes its relative π phase-shift.
First inscription
Second inscription
To validate the proposed principle, a phase-controlled SI-SFBG is simulated. The FBG's parameters are similar to Table 1 , and the original phases of the four 1st order reflective channels are set to be 0, π, π and 0 respectively.
In terms of reflective spectrum and group time delay, the comparison between two sets of 4-superimposed gratings is shown in Fig. 4 . Their target phases are (0,0,0,0) and (0,π,π,0) respectively. It can be found that more deeper dips occur between the phase-shifted adjacent reflective peaks, which is usually considered to be the existence of phase shift in the amplitude domain. The group time delay in the passband is synchronous. The phases in the passband of the two sets of SI-SFBGs are shown in Fig. 5(a) . The result shows that in the passband of the same phase, their phase spectrum match well. While in the passband of different designed phases, the phase spectrum exhibit dissimilarities. To search out such dissimilarities and the initial phases imposed on each wavelength, we subtract the phase spectrum of (0,0,0,0) from (0,π,π,0), which is shown in Fig. 5(b) . The result clearly shows that in the designed "π" passband, their phase difference is either "π" or "-π", otherwise zero. Therefore, the phase relationship among the sub-gratings of SI-SFBG can be controlled by modulating the sampling periods. To realize such phase-controlled SI-SFBGs just needs a single uniform phase mask and sub-micrometer transferring system, without the relative displacement between the mask and fiber. Thus, the SI-SFBGs are suitable for massive production. The realization of phasecontrol will promote SI-FBGs' processing ability and encourage their applications in more complicated fields.
It should be noted the number of superimpositions has become an important concern, since the photosensitivity of the fiber mustn't be saturated to ensure uniform reflectivity of all the SI 
Equations (8) or (9) is the basic restriction on the number of superimpositions for SI-SFBGs. The fiber used in our experiments are hydrogen-loaded photosensitive fiber, in which max n  can be up to 1.3 × 10 3 . Experimental test shows that the total number of superimposed gratings should be no more than 16, in order to avoid saturation as well as to keep a reasonable reflectivity.
Application in spectral-phase en/decoding
The SPE en/decoders based on FBGs have the advantages of compact all-fiber structure, potential low cost, entire compatibility with fiber and so on. Currently, there have been reported two types of FBGs for SPE en/decoders, i.e., the step-chirped (SC) FBG-pair [18] and the amplitude sampled (AS) FBG-pair [19] . Both of these two structures have their own disadvantages. For the former, firstly, the fabrication of SC FBG-pair needs multiple phase masks of different pitches, and the number of required masks increases with code length; secondly, the phase control needs ~nm precision measuring and positioning equipments, and the frequent change in position between masks and fiber will produce unpredictable random phase-errors; thirdly, the grating length will increase sharply with code length, which would become a serious concern due to the high demand for complicated fabrication process and FBG package; fourthly, the FBG-pair structure will bring along, on the one hand, bulky configuration, and on the other hand, high insertion loss. For the latter, i.e., ASFBG structure, though the first two disadvantages existing in SC-FBG-pair can be overcome by EC and EPS technologies, the last two problems still exist. For example, in literature [19] , 5.4cm-long FBG can only accommodate 15-frequency bins, and if the code length is doubled, the total grating length will be quadrupled. That is to say, if the 64-Walsh code is used, the FBG length will reach as long as 90cm, which is not easy to be experimentally fabricated.
However, the phase-controlled SI-FBG would provide an effective approach to resolving the last two problems mentioned above. As a matter of fact, as early as a decade ago, though, in literature [18] , the single SI-FBG was supposed to replace the SC FBG-pair, this proposal has not come into reality up to now. The fatal reason for such a dilemma lies in the difficulty of phase controlling of SI-FBGs in experiment.
In this paper, however, the phase-controlled SI-SFBGs can be used to overcome all the four main disadvantages. Fisrlty, incorporating the EC and EPS technilogies, the fabrication of SI-SFBGs based SPE encoders only needs a single uniform phase mask and submicrometer precision positioning devices; secondly, the SI-gratings structure will evidently reduce the required grating length and make the en/decoder's configuration simple and powerbudget-effective.
Simulation
In the former section, the principle of phase-controlling in SI-SFBG has been introduced, and theoretically, such phase-controlled SI-SFBGs would be an ideal choice for SPE encoders. In fact, however, the total number of superimposed gratings is limited. In other words, when the code length exceeds the achievable maximum number of superimposed gratings, some of the gratings should be inscribed in series, which means that all the wavelengths are not timesynchronized any longer. In this section, both the time-synchronous and -asynchronous scenarios are demonstrated.
To start with, suppose the code length is less than the achievable maximum number. In this case, there are no time-delay among different wavelengths. The encoder's structure is just the same as Fig. 3 . The Walsh codes #2 and #3 with the code-length of 16 are used, which are generated by the hadamard command in MATLAB. For comparison, the no phase-shift SI-SFBG of the same parameters is also simulated. The detailed parameters are listed in Table 2 . It should be noted the total length is about 8mm, while it would be 130mm if the traditional encoder structure was used. The reflective spectrum of the encoders with three different codes are shown in Fig. 6 . In Fig. 6(a) , it is evident that deep dips occur between phase-shifted adjacent reflective peaks. Figure 6 (b) shows the time-synchronization property of all the reflective peaks. Subtracting the no phase-shifted spectrum from that of code #2 and #3, the initial phase imposed on each reflective peak is obtained, which is shown in Fig. 7 . The "0" and "π" at the top of the figures represent the employed codes. We can find that the phase values agree well with the corresponding codes. It indicates the 16 reflective channels have successfully carried code information in phase. Simulating the input broadband source with ~2.3ps (full width at half maximum, FWHM) Gauss pulse, the encoded waveforms are shown in Fig. 8(a) . The decoded auto-correlation and cross-correlation waveforms are shown in Fig. 8(b) . The results reflect the fact that due to the nature of Walsh code [20] , there exists no energy in the center of cross-correlation, whereas a sharp peak in auto-correlation waveforms. Conclusively, such phase-controlled SI-SFBGs are theoretically competent for SPE en/decoding. It is known that large code-length can increase the spectrum-spreading gain and consequently enlarge system's capacity. When the code-length exceeds the achievable maximum number of superimpositions, some of gratings have to be inscribed in series. If the code-length is M and the maximum number of superimpositions is N, then the maximum number of gratings inscribed in series can be figured as
where [] represents the rounding upward operator. For example, for a Walsh code with the code-length of 64, if the maximum number of superimpositions is 16, then the number of gratings inscribed in series is 4. For simplicity, the structure of SI-SFBGs with 2 superimpositions and 2 series connections is shown in Fig. 9 For every inscription, the method of phase controlling between adjacent wavelengths is the same as that of literature [13] . According to the proposed SI-SFBG technology, the phase relationship between the first and second inscription is determined by the initial sampling position of λ 3 . In this figure, the initial position of λ 3 introduces an extra offset of half its normal sampling period, which produces a relative π phase shift. Therefore, the relative phase relationship among the four wavelengths has been controlled.
Then, we simulate the spectrum of phase-controlled 4-wavelength SI-SFBGs with 2 superimpositions and 2 series connections. The detailed parameters are listed in Table 3 . Two gratings with the phases of (0,0,0,0) and (0,π, π,0) are chosen for comparison.
The "AC" refractive index modulation (i.e., Figure 11 shows the simulated spectrum. In the group delay spectrum, the ~160ps steps correspond to the 1.6cm-long sub-gratings. The phase spectrum in passband is shown in Fig. 12(a) . The phase difference is shown in Fig. 12(b) . It clearly shows, in the passband of target phase "π", the phase difference is either π or -π. That is to say, the target phase relationship (0,π, π,0) has been successfully realized.
Considering the limitation on the number of superimpositions, the 64-frequency bins are divided into 16 superimpositions and 4 series connections. The Walsh codes #5 and #6 with the code-length of 64 are used, which are generated by the hadamard command in MATLAB. For comparison, the no phase-shift 64-frequency bins SI-SFBG of the same parameters is also simulated. The detailed parameters are listed in Table 4 . Here, the total length of encoder is about 8.2cm, whereas it would be 131cm in the traditional structure, which reflects the advantage of superimposing technology in terms of shortening the required length of encoder.
The simulated spectrum is shown in Fig. 13 . The four group delay steps correspond to the four sub-gratings inscribed in series arrangement. However, the encoder and decoder are dispersion-complementary. To subtract the phase spectrum of no phase-shift SI-SFBG from that of encoder with Walsh code#5, then the initial phases imposed on the 64 wavelength channels are obtained, which is shown in Fig. 14. The result clearly shows the phase values agree well with the corresponding code. In the simulation, we use ~1.3ps Gauss pulse as the broadband optical source, and the encoded waveforms and decoded waveforms are shown in Figs. 15(a) and 15(b) respectively. We can see the overall profile of encoded waveform consists of four sub-profiles. Each of the sub-profiles is about 100ps width (FWHM), which is due to the 0.08nm phase-bin spacing. The overall profile is about 600ps width due to the four sub-gratings inscribed in series. The decoded waveforms (auto-and cross-correlation) show high contrast ratio. Thus, the SI-SFBGs' application in SPE en/decoding has been demonstrated by simulation. Its feasibility is validated theoretically, and its experimental validation is implemented in the following section.
Experimental validation
High code-length needs big number of superimpositions and deep refractive index modulation consequently. So the hydrogen-loaded photo-sensitive fiber is used in this experiment, in which the refractive index can be modulated up to 1.3 × 10
3 . The pitch of uniform phase mask is 1070nm, and the ultraviolet power at 244nm is set to be 12mW. The single exposure time is no more than 1s, and because of this, the refractive index modulation at single exposure is about 6 × 10 5 , and the overall refractive index modulation (16 superimpositions) is less than 1 × 10 3 . Compared with the maximum index modulation available, a reasonable margin is reserved to ensure the uniformity of all the wavelengths' reflectivities. In our experiments, two sets of encoders are fabricated, both of which are not anodized. The first group use the Walsh codes with code-length of 64, the total encoding bandwidth is 5.12nm. To our knowledge, this is the longest code-length that FBG-based SPE encoder can achieve. The second group use the Walsh codes with code-length of 32, the total encoding bandwidth is 3.52nm. The coherent broadband source in our lab is MLLD (TMLL1550) with the 20dB bandwidth of 4.12nm, which cannot provide sufficient spectrum for the first group. So the "measured data + simulation" method is taken to verify the performance of the encoders with 64-frequency bins, while a proof-of-principle experiment is implemented to validate the feasibility of the encoders with 32-frequency bins.
The 64-frequency bins Walsh codes are still the #5 and #6 used in the simulation. Both the phase bin spacing and width are 0.08nm. The number of superimpositions is 16, so the subgratings inscribed in series are 4 in number. The total length of encoder is 4.4cm. The spectrum of encoder #5, decoder #5 and encoder #6 are measured by OVA, as shown in Figs. 16(a) , 16(b) and 16(c) respectively.
The top of each spectrum is labeled with corresponding code. The overall spectrum are relatively uniform, and the encoding spectrum and decoding spectrum are dispersioncomplementary. Gauss pulse with the FWHM duration of 1.3ps is used as the input laser source. The encoded and decoded waveforms based on the measured data are computed and shown in Figs. 17(a) and 17(b) respectively. We can see the encoded waveforms extend to a duration of 440ps, which is determined by the grating's length. The encoded waveforms exhibit rectangular profile since no apodization is used. The decoded waveforms show high contrast ratio between auto-and cross-correlation. It can be seen that there is little intensity in the center of cross-correlation whereas a sharp peak of auto-correlation. This characteristic agrees well with the simulation result. Fig. 19(a) . The 10GHz clock generated by the Pulse Pattern Generator(PPG, MP1763C) is amplified to drive the MLLD. A 10GHz pulse train with the duration of 2ps is then generated. Such a pulse train is modulated with PRBS data from the PPG by a LiNbO3 intensity modulator (LN-IM, JDSU10024180). The Optical Spectrum Analyzer (OSA, Anritsu MP9710C) can be used to monitor the spectrum adjustment among encoder, decoder and laser source. The decoded signals are sent to the Optical Sampling Oscilloscope (OSO, NRO9000, 28GHz bandwidth). The spectrum of laser source is shown in Fig. 19(b) , and its 20dB bandwidth is measured to be 4.12nm that basically satisfies the requirement of encoding bandwidth. Correctly decoded waveforms and incorrectly decoded waveforms are shown in Figs. 20(a) and 20(b) respectively. We can see the auto-correlation waveforms have been successfully recovered to be narrow pulses, while the cross-correlation waveforms still remain low-intensity noise-like signals. It should be noted the 6cm-long encoder in 10Gbps system will result in as many as 11 inter-symbol-interferences (ISIs) and accompanying self beat-noise(BN), and these contribute to the variations in the peak power of the correctly decoded waveforms. Of course, to increase the number of superimpositions can be expected to shorten encoder's length. Therefore, the experimental results have validated the feasibility of SI-SFBGs-based SPE encoders. 
Conclusion
In this paper, a novel kind of SI-FBGs structure, i.e., the SI-SFBGs, is proposed and investigated. The phase relationship among SI sub-gratings is successfully controlled for the first time. The beauties of such SI-SFBGs can be summarized as: 1) To realize SI-FBGs incorporating different target wavelengths doesn't need to change phase masks or to tune strain, which helps to ensure the stability of each FBG, especially the consistency of phase; 2) The relative phases of different SI target wavelengths can be easily and flexibly controlled by sub-micrometer precision moving stage. This phase-control would extend the application of SI-FBGs in potential more sophisticated functions. Its application in SPE OCDMA is well demonstrated by both simulation and experiment. The SPE encoders with 64-frequency bins, which is the longest code-length that FBG-based SPE encoder can achieve, is experimentally fabricated for the first time. Compared with the traditional methods, the SI-SFBGs-based SPE encoders can overcome the existing limitations and make encoders more powerful and practical. Finally, it should be noted that, since the photosensitivity of the fiber mustn't be saturated to ensure uniformity of all the SI wavelengths, to increase the number of superimpositions would be another challenging work to make such phase-controlled SI-SFBGs more powerful.
